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Analysis of Thread-state Liquid Jet
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Abstract mentioned above is not allowablerfthe purpog of
detectingthe charge density by measuring a very little

It is known that an electricallgiriven liquid alwaysformsa  translation in a liquid jet form.
threadlike stream from the enélwhich droples are ejected The theoretical formulation for thread-state ldjélow
against the counter electrodedrstrory electrostaticfield. s neede to clarify the relation between the charge density
Careful observation during experimentgwever reveals —andthe formoutline of the liquid jet which is accelerated by
that the thread-state liquid jet tapers off slightly along thegravitational and electrostatic forces continuously.
stretched direction. Therefore, it is expected thaetlctric

charge density of the liquid jet driven by a strong  Widerand l narrower and
electrostatic field can be estimated from a fegure slower —> faster
transformation.

The simplified electro-hydrodynamic equation which O I
describes the liquid fdigure transformatiormathematically (ﬁ

is derived from Navier-Stokes' equations with some
assumptions to give a specific thread-staté a@m electric
motive force.

The derived equation shows a gagreementith the

experimentally observed jet for unde the limited = Nozzle and Counter-
condition that only the gravitational force woikg there is W™ Electrode electrode
no electrostatic force. Using thiequation, a trial is ,L

conducted to estimate the chadgnsityof the thread-state
water jet.
Figure 1: Simply illustrated thread-state liquid jet.
Introduction
Thread-state formulation
The droplet-generating process has already been analyzed
as a surface wave growth in columnar liquid flow by Lord The thread-state formulation Wibe theoreticallydeduced
Rayleigh’, Von C. Webét and many other scientists. In here based on the idea that thedlis enclose in aslim
those analyses, however, the sieggsumptioismacethat  ard long stream tube without breaking into drops. The
the liquid jet has acylindrical outline and that its radius is strong centripetal force to enclose the fluid origindtem
constant everywhere The equation of continuity for the surface tension working in a very large curvature which

incompressible fluids indicates that the constsaius s kept stable by a strong stretching stress in the axial
assumption mentioned above also demarntat the direction.

averagd velocity must be constant at every point in the  The following notation is used in the analysis:

axial direction. re, z three components
In an actual liquid jet ejecting process, however, the of cylindrical coordinate system

body of liquid is always acceleratedarstrorg electrostatic density of the liquid
field, and the radius is observed to slightly taper ofthie viscosity of the liquid
flowing direction. Therefore, the constant radius assumptiog surface tension of the liquid
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a constant charge distributed uniformly (8) The electrostati field intensity is also constant
in the liquid body everywhere.

g gravitational constant 9) The space charge contained in the liquid ha

E electrostatic field intensity influence on the external applied electrostatic field.

Vr, Ve, Vz velocity components of liquid The body force Xz causedybgravitational field and

p, pr, pz static pressure and its ré&a components  electrostatic field could be described as

Xr, X0, Xz body force components Xz=qEtpg

Either aplus or a minus sign will be adopted according to
The formulation starts fra Navier-Stokes’equations  whethe the fluid flows against or with the gravitational
which are equations of motion descudder viscid fluids in  field.
hydrodynamics. They are expressed for cylindricalThen (Eq.4) is rewritten as

coordinates (8,z), as 0/0z{(1/2)pVz’}= -0pldz+n(0°10Z°)Vz+(qEtpg)
p{(oVr/ot)+Vr(oVr/or)+(VeIr)(dVr/08) (Eq.5)

-(\B)’/r+Vz(dVr/az)} After (Eq.5) is indefinitely integrated with respectzothe

= -gplor rough property of thread-state is added based on the
+{(9°/ar*)Vr+(L/r)(@Vr/ar) following two assumptions.
-(VrIP)+(1/7)(0%08%)Vr (10)  The side surface of liquid flow forsnan axial-
-(2/7)(0V8/08)+(0°/0Z°)Vr} symmetry.
+Xr (Eq.1) (11)  The side surfae of liquid flow is the only place
where the surface tension works.
p{(dV6/ot)+Vr(aVe/or)+(Ve/r)(oV6/98) Therefore the static pressure can be related with the surface
+(Vr VB)/r+Vz(0V6/0z)} tension of liquid, as
= -0plo6 p=(1/3)(pr+pz)=(1/3){-¢/r)-(2rry/Tr*)}
+H{(0%0r’)Ve+(1/r)(@V 6/dr) =ylr
-(VBIr’)+(1/r)(0°106°)Ve Thus,
+(2/r)(0Vr/38)+(9°/02%)V 6} (1/2)pVz*-yir-n(0Vz/0z)-(qEtpg)z=const. (Eq.6)
+X0 (Eq.2) And equation of continuity is
w’Vz=const. . (Eq.7)
p{(8Vz/at)+Vr(aVz/ar)+(VeIr)(dVz/00) It shoub noticed from (Eq.6) and (Eq.7) that radius (r),
+Vz(©Vz/9z)} velocity (Vz) and composite potensalcompog the
= Oploz balancirg systen for inviscid fluid (1=0). Running in the
+{(0%0r*)Vz+(1/r)(@Vz/dr) field forces direction, the fluid is abto increa® its moving
+(1/§)(0°100°)Vz+(9°10Z°)Vz} energy but cause®only a very small decrement of its radius
+Xz (Eq.3) becausethe moving energy is inversely proportional to
Some simplification is used as follows, fourth powersof radius in this balancing system. This is
(1) steady state:  dVr/dt=0, why the stablethread-state can be kept without breaking
aVve/at=0, into drops.
oVvz/ot=0
(2) non rotational: V6=10 Discussion
3) the axial velocity component (Vz) is uniform in
any cross sectiondVvz/or= 0 To ascertairthe reliability of (Eq.6), it is necessary to make
(4) the radial velocity component (Vr) is proportional @ comparison with the actual exp_erimdantasults The
to radius in any cross section. : pape presentd by G. I. Tayl_of) contains many usefl_JI data
(0°/0r)Vr =0 thet_ can be compared with theoretical _calculat|on. In
’ a_ particularly, there are some usefiiiotographsn thatpaper
(1/r Y(@Vr/or)-(Vrir)=0 : RS
(5) static pressure is constant in any cross section wh|_c h show t-h e forms OT thread-saliquid jets If the_
* derivad equatim (Eq.6) is correct, the characteristics
oplor=0 . ) S calculatedwith that equation will be in complete agreement
(6) external field works only in the axial direction.: with these experimental results.

Xr=0, 8=0, Xz£0 First, minimum data is needed to calculate the jet form,
Basa&l on the above assumptions (1) to (6), (Eq.3) issuch asan inviscid liquid under the conditions that there is
rewritten as no electrostatic field and oplgravitational force works.

p{Vz(0Vz/02)}=-0ploz+n(9°/0Z')Vz+Xz (Ea.4)  Fortunately we could pick up, from Taylor's paper, a
Electrostatic conditions are assumed to be as follows. complete set of data compasef physicalparametersand
@) The charge density is a constant value in the liquid.
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jet form photographs obtained under the conditionsexperimentally measured form fits well on the theoretically

mentioned above. calculated form. Therefore, the usefulness of theoretically
The liquid, which is used in the set détg is water  derived equation (Eq.6) is considered to be confirmed.
whose specific resistance is in the order of fM-cm]. In In the next case, the equation is examined under the

Figure 2, the theoretically calculated thread-state form isondition that an electrostatic fielslalso applied A charge
drawn in light line. And the experimentally measureddensity expressed by a letter “q” in the potential term in
thread-state form shown in the photographs is draw (Eq.6) is treated as an unknown variable factoadtual
heavy line with the error ranges of hotipper-ed and  measured data.

lower-end data plotted. It should be keptniind that the In Figure 3, the five curves which are plotted in light
transformatio of diameter is greatly emphasized becausdines are theoretically calculated under the conditioB.85
the y scale ratio is 50 times greater than the x scale. x 10°TV/m] of electrostati field and the charge densities of
zerq 0.1, 0.2, 0.4 and 0.8 [C/th are used for “q”
L parameters The actual curve which is experimentally
8 measured under the same electrostatic field condition is
plotted in heavy line.
The actud charge density can be estimated by tuning
< the “q” paramete which can be varied adaptively to
8 minimize the fitting error among the calculdteurve and
the measured curve. In the easf Figure 3, the charge
< memured density is estimated to be §Cm’].
= 99)
£ g 8 \ l
g q = zero
ke
: :
5, —
88 £g q = 0.1 [C/nf]
cdculated | L “
= q = 0.2 [C/n]
= || Initial velocity: g’ g
8 0.317 [m/s = e
Opening radius / q=0.4[C/m]
000053 [m q = 0.8 [C/n]
o A ol ]
0 00002 @004  (@O06 0 ®O02 @004 D006
Rudius d Jet [m] Rdius of Jet [m]

Figure 2: Thread-statejet form expressed by its length versus Figure 3: A group of jet forms calculated foewe-ral “q"

radius. Light line is theoretically calculatdsy (Eq.6) Heavyline parameters. The electrostatic fleld is con-stant at 8% [V/m]. .

is measured from Taylor's photographs by using microscope. Experimentallyneasurecheavyline shows a good agreement with
0.2[C/m’] charged curve line.

It cen be seen in Figure 2 that the thread-state jet o o .

slightly tapers off in the liquid flowing direction, and the ~ From this discussion, it is recognizéhat (Eq.6 also
has the ability to estimate the charge density, which is rather
difficult to measure directly in the case of an experiment.
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Taylor. Therefore, the usefulnesd theoretical derived
(Eq.6) is considered to be confirmed.

Thus we caneasily predict the thread-state form of the
liquid jet which is accelerated under the electrosttgild
E = zero and gravitational field.

003

Conclusion

002

E = 2.80e5[V/m
\ A liquid jet figure formed in an electrostatic field cduie

expressed by the following equation:

1

length of Jet [m]

00)

/ E = 3.95e5[V/m (1/2)pVZ*-(qE:pg)z-y/r-n(0Vz/dz)=const

In the limited case that no electrostatic force is applied
and only the gravitational force workd)is equation has
been confirmeal to be correct by comparing the calculation
0 002 004 006 results with the experimental data for an inviscid liquid.

Rdius of Jet [m] Using this equation,the charge density in the thread-
state of water is estimated to be about-@B[C/m’] under
the electrostatic field condition of 2:81.6x 10°[V/m].

Furthe experimentalconfirmation is required before
the derived equation can be consideredbéo perfectly
reliable. However the author expects the simplified equation
to be usefu in the analysis of and facilitate understanding of

Figure 4 and the next table show the fetms for  fluid motion in an inkjet.
various electric field and their charge densities which are

E =4.61e5[V/m

o

Figure 4: Electrically driven water jet transforming
characteristics. Theoretically calculated light lines and
experimentally measured heavy linewe plotted for the

parameters of electrostatic field.

estimate by the same procedure as used above. Apparent in References
Figure 4 is the characteristic whereby the radifi the
liquid jet decreases in accordance witle tihcreag of 1. Lord Rayleigh "On the Instability of a Cylinder of

Viscous Liquid under Capillary Force", Philosophical

applied electrostatic field.
Magazine and Journal of Science [Fifth Series], Vol. 34,

— . . No. 207, p.145-154 (1892)
Electrostatic field | Estimated charge densit > Von  Constanti  Weber:  "zum  Zerfall  eines
2.80 x 10 [V/m] 0.12+0.04 [C/n’?] Flussigkeitsstrahles”, Ztschr. f. angew. Mathd ivech.,
3.95 x 10 [V/m] 0.20+ 0.05 [C/nf] Band 11, Heft 2, p.136-154 (1931)

4.61 x 16 [V/m] 0.49+ 0.12 [C/ni] 3. Geoffery I. Taylor: "Electrically driven jets" Pro®oy.

Soc., London, A313, p453-475 (1969)

The resuls obtainedfor all samples referred to in this
discussia indicat thatthe theoretical calculation is in good
agreement with the experimental result reported by.G
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